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Abstract 

We show that a pseudoconvex open subset of a Banach space with 
an unconditional basis is biholomorphic to a closed direct submanifold 
of a Banach space with an unconditional basis. 

1 Introduction 

A fundamental result in complex geometry, shown by Bishop, Narasim- 
han and Remmert, is that an n-dimensional Stein manifold is biholo- 
morphic to a closed submanifold of C 2n+1 [B, N, Re]. One reason that 
this is of such importance is in the study of holomorphic functions on 
manifolds. Cartan's Theorem B implies that a holomorphic function 
on a closed submanifold M C C k extends to a function holomorphic 
on all of C k . Therefore, once a given Stein manifold is embedded in 
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some C , its holomorphic functions can be studied through holomor- 
phic functions on C k . In [L2] Lempert showed a result similar to the 
Bishop-Narasimham-Remmert embedding theorem for Banach spaces, 
namely, if 17 is a pseudoconvex domain in a Banach space X, and X 
has an unconditional basis, then 17 is biholomorphic to a closed direct 
submanifold of a separable Banach space Y. However, his proof does 
not guarantee that Y would have an unconditional basis or Hilbert 
space structure if X does. This is an important issue, since many 
complex analytic results, such as approximation theorems, rely upon 
the existence of an unconditional basis. In particular, in [L3] and [P] it 
is shown that if M is a closed direct submanifold in Y, a Banach space 
with unconditional basis, then holomorphic functions on M extend to 
holomorphic functions on Y. In this paper we resolve the above issue 
by improving upon Lempert's embedding theorem. Our main theorem 
is 

Theorem 1.1. Let X be a Banach space with an unconditional basis, 
and 17 C X pseudoconvex and open. Then 17 is biholomorphic to a 
closed direct submanifold of a Banach space Y , which has an uncon- 
ditional basis. Further, if 1 < p < oo and X is a separable LP space, 
then Y can also be taken to be a separable L p space. 

Just as in [L2], this is an immediate consequence of a domination 
theorem. 

Theorem 1.2. Let X be a Banach space with an unconditional basis, 
17 C X pseudoconvex and open, and u : 17 — ► R locally bounded. 
There is a Banach space V with unconditional basis and a holomorphic 
f : 17 — > V such that u(x) < \\f(x)\\ for x G 17. If 1 < p < oo and X 
is a separable LP space, then V may also be taken to be a separable LP 
space. 

Proof of Theorem 1.1 from Theorem 1.2. Let d : 17 — > R, d(x) = 
dist(x,dn), and let / G 0(Q,V) such that ||/(x)|| > ^K. Then 
the graph of / is a closed direct submanifold of X x V which is bi- 
holomorphic to 17. This proves the theorem, since if X and V have 
unconditional bases so does X x V, and if X and V are L p spaces so 
is X x V. □ 
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2 Definitions 



We will require some notions from the theory of Banach spaces. A 
Schauder basis for a Banach space X (for this paper, we always mean 
over C) is a countable sequence of vectors e± , e<i , . . . £ X such that 
for every x £ X there is a unique sequence of complex numbers 
Ai, A2, . . . € C such that 



where the sum converges in norm. Having a Schauder basis implies 
that the space is separable. If the sequence converges in norm af- 
ter arbitrary rearrangements, it is called an unconditional basis, or 
equivalently, if A n #ne ra converges whenever ^n^n does, for all 
choices of 9 n = ±1. Following [LT], for x = A«e n and every 9 = 
{9 n }^Li,9 n = ±1 define a linear operator Mqx = ^^°A n # n e n . The 
principle of uniform boundedness guarantees that c = sup e \\Mg\\ < 00, 
and we call c the unconditional constant of the basis. We call a basis 
with unconditional constant 1 a 1-unconditional basis. Upon renorm- 
ing with an equivalent norm, any space with an unconditional basis has 
a 1-unconditional basis [LT, p. 18]. The usual basis of l p for 1 < p < 00 
and the Haar basis of L p [0, 1] for 1 < p < 00 are examples of un- 
conditional bases (although the Haar basis is not 1-unconditional). 
L 1 [0, 1], however does not have an unconditional basis. Since any sep- 
arable L p space is isometrically isomorphic to In, l p , L p [0, 1], or a 
direct sum of these, for 1 < p < 00 any separable L p space has an 
unconditional basis. With a choice of basis {e n } for a Banach space 
X we associate a set of projections. Let ttn '■ X — > X be the pro- 
jection 7TjvX^iAne„ = X^ = iA n e„ and p N =id-7Tjv. If \\tt n \\ = 1 
for all N, we say that {e n } is monotone. It is immediate that every 
1-unconditional basis is monotone, and it is also true that the Haar 
basis is a monotone basis for L P (Q, 1) for all 1 < p < 00 [LT, p. 3]. 
Therefore, for all 1 < p < 00 any separable LP space has a monotone 
unconditional basis. 

We will also require certain notions from the theory of complex 
analysis in Banach spaces. For more on this subject, see [D or M]. 
For an open set Q C X to be pseudoconvex means that f2 f~l Y is 
pseudoconvex in the usual sense for all finite dimensional subspaces 
Y C X. A Hausdorff space iV is a complex manifold modeled on a 
Banach space Z if N has an open cover {U a }, for each a we specify a 
homeomorphism <f> a from U a to an open subset of Z, and § a 4>~p L are 
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holomorphic where defined. For M C iV to be a complex submanifold 
means that as a pair (M, N) is locally biholomorphic to (X, Z), X a 
Banach subspace of Z. If X is a complemented subspace of Z we say 
that M is a direct submanifold of N. 

3 The Proof of Theorem 1.2 

Let B denote the covering of SI C X 

B = B n = {balls B : B C SI, 2diam B < diam SI}. 

Proposition 3.1. Suppose either that (a) X is a Banach space with 
a 1 -unconditional basis, or (b) 1 < p < oc and X is a separable LP 
space. Given SI d X pseudoconvex open, and u : SI — > R, suppose 
that for all B € £fo i/iere are a Banach space Vb with 1 -unconditional 
basis in case (a), separable L p space in case (b), and fs € C(.B; Vb) 
stic/i £/iai u(x) < ||/b(^)||vb / or a ^ x E B. Then there are a Banach 
space V and f G C(f2, V) stic/i t/iai in case (a) V has 1 -unconditional 
basis, in case (b) V is a separable IP space, and u(x) < ||/(x)||v for 
all x £ SI. 

Proof of Theorem 1.2 from Proposition 3.1. This proof is the same as 
in [L2]. Let u : SI — > R be locally bounded and assume that on SI holo- 
morphic domination of u with values in a space with 1-unconditional 
basis (respectively, a separable LP space) is not possible. Then, by 
Proposition 3.1, there exists a ball B\ C SI such that diam B\ < 1/2 
diam SI, on which holomorphic domination is not possible. By again 
applying Proposition 3.1, but with B\ instead of SI, there exists a 
ball i?2, B2 C B\ with diam B2 < diam B\/2, on which u cannot 
be dominated by a holomorphic function. Continuing in this way we 
get a descending sequence of balls on which holomorphic domination 
is impossible. Let x = Bj. Thus holomorphic domination is not 
possible on any neighborhood of x, contradicting the local bounded- 
ness of u. □ 

4 Exhaustion techniques 

The rest of this paper is devoted to proving Proposition 3.1. Let X 
be as there; e±, e2, . . . denote, in case (a), a 1-unconditional basis; in 
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case (b), a monotone unconditional basis. Recall the projections tin 
and pn from Section 2. 

To prove Theorem 1.2 or Proposition 13. II in the finite dimensional 
setting, a reasonable technique would be to exhaust ft by compact 
sets. In the setting of an infinite dimensional Banach space, this is 
not possible as any compact set has empty interior. Lempert proposes 
instead exhausting by ball bundles of a certain type. The definitions 
and theorems in this section are from [L2]. In order to exhaust f2, we 
consider a special type of ball bundle. Let 

d(x) =min{l,dist(x,X\0)}, (4.1) 

and < a < 1. For any positive integer N, define 

D N (a) = {t £ ir N X : \\t\\ < aN, 1 < aNd(t)} 

^Tv(a) = {x G X : ttj^x G D^{a), ||pjvx|| < ad^^x)}. 
Theorem 4.1. a. Each fijy(a) is pseudoconvex. 

b. njjj C Sl N (P) ifn<N, 7 < pj A. 

c. For fixed 7 each x £ VL has a neighborhood that is contained in all 
but finitely many ^^(7). 

This is proven in [L2, Proposition 3.1]. Note that in the proof of 
(b) only the monotonicity of the basis is used. 

Just as in many situations in the theory of finitely many variables, 
we need a result regarding holomorphic approximation on certain sets. 

Lemma 4.2. Assume X has an unconditional basis with basis con- 
stant c. If 7 < 2~ 7 a/c and V is a Banach space, then any tp G 
0(Qn(&)]V) can be approximated by (ft G 0(U;V), uniformly on 

We first consider the simpler case of balls about the origin. Let 
B(p) = {x G X : \\x\\ < fj,}. 

Lemma 4.3. Assume X has an unconditional basis with basis con- 
stant c. Then for any Banach space (W, \\ \\w)> e > 0, and g G 
0(B(1);W) there is an h G 0(X;W) that satisfies \\g - h\\ < e on 
5(l/(2c)). 
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Proof. It was shown by Lempert in [LI] and by Josefson in [J] that 
every space with an unconditional basis allows such approximation 
on a ball when c = 1. Let ||x||' = sup ||Mex||. This is a norm 
equivalent to || || under which ei,e2,... is a 1-unconditional basis. 
Let B'(fi) = {x € X : ||x||' < fj,}. For all x € X we have the inequality 

\\x\\ < \\x\\' < c||x|j, 

which gives that B(l/(2c)) C B'(l/2) and B'(l) C B(l). The lemma 
is therefore an immediate consequence of the Josefson-Lempert ap- 
proximation results. □ 

Now the proof of Lemma 14.21 is a special case of [L2, Theorem 3.3] 
with /i = l/(2c). 

5 Tensor products and sums of Ba- 
nach spaces 

In the proof of Proposition 3.1, we will use tensor products of Banach 
spaces. For the general theory of tensor products see [DF or Ry]. If 
X and Y are Banach spaces, as usual X ® Y will denote the tensor 
product of the underlying complex vector spaces. We will use X ®Y 
to denote the completion of X <g> Y with respect to a certain norm 
which preserves key features of X and Y in the following sense. If 
X = LP(n) and Y = L p {y), we define the norm of x j ® Vj S X <g> Y 
by 

n „ n 

II I> ® wii = ( / \J2 x ^ s )yM p Ms)du(t)) 1/p . (5.i) 
i J i 

In particular, Fubini's theorem gives 

\\x (g) 2/ 1| = ||x|| ||y||. (5-2) 

Under this norm X®Y is isometrically isomorphic to L p (p x v) [DF 
p.79]. 

If X and Y are spaces with 1-unconditional bases (e n ) and (/„) re- 
spectively, Grecu and Ryan define a norm on X <g>Y with the property 
that (e n <g)/ m ) is a 1-unconditional basis for the completion X<S>Y [GR]. 
How they define this norm and other properties it has are not of imme- 
diate importance to us, just that it preserves unconditional structure 
and also satisfies (15.21). 
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We now look at certain facts about sums of Banach spaces. If 
(Wm) is a sequence of Banach spaces, each with 1-unconditional basis, 
or each an LP space, let 



OG 

W = ® W m 



m=0 

where the bar represents the completion with respect to the l p norm if 
W m are L p spaces or the I 1 norm if they are spaces with 1-unconditional 
basis. Concretely, 

oo 

W = {w = (w m ) : w m G W m , \\w\\ = \\ w m\\ p ) 1/p < oo.} 

m=0 

Clearly, W is a separable Banach space. 

Lemma 5.1. 1. IfW m all have 1-unconditional bases, so does W . 
2. If W m are all LP spaces, so is W. 



Proof. Let (e mn )* =1 be a 1-unconditional basis for W m , = (0 mn ), 
±1. If x e W, x = Y*, A m „e mn . 



mn J j "mn 



oo oo 



^ @mn^mn&mn\\ — ( ^ ^ II ^ ^ @mn^mn&r 



m=0 n=0 

oo oo 



< \\x 



mn^-mn \ 

m=0 n=0 



So (e mn ) is a 1-unconditional basis for W. If W m are LP spaces, W is 
isometrically isomorphic to the corresponding L p space on the disjoint 
union of the appropriate measure spaces. □ 

6 The proof of Proposition 13.11 

Fix N € N, and let ir = ttn + i and p = pjv+i- If A C ttX and 
r : A — > R is continuous, then ball bundles of the form 

A(r) = {x € X : irx G A, \\px\\ < r(irx)} 
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A[r] = {x e X : ttx e A, \\px\\ < r{nx)} 

are called sets of type B. Note that the sets fijv(a) are specific exam- 
ples of sets of type B. 

Lemma 6.1. Assume either that (a) X is a Banach space with 1- 
unconditional basis or (b) 1 < p < oc and X is a separable LP space. 
Let Q C X be open and A2 CC A3 CC A<± be relatively open subsets 
of 17 n irX, A\ C A2 compact and plurisubharmonically convex in 
A4. Let ri : A4 — > (0,oo) be continuous, 1 < i < 4, and r,- L < r^+i, 
with — log ri plurisubharmonic. Assume that any Banach space valued 
holomorphic function on A^r^) can be uniformly approximated on 
^3( r 3) by functions holomorphic on fl. Then there exist a Banach 
space W and a function i/j G 0(Q, W) such that in case (a) W has a 
1 -unconditional basis, in case (b) W is a separable L p space, and 

1. \\ip{x)\\ < 1/2 ifx g Ai[n] 

2. \\4>{x)\\ >2 ifxeA 3 (r 3 )\A 2 (r 2 ). 
Proof. Define Hartogs sets in irX x C « C N+2 : 

Hi = {(s, A) G A 1 x C : |A| < n(s)} 

Hi = {(s, A) G Ai x C : |A| < n(s)}, 2 < i < 4. 

The set H\ is plurisubharmonically convex, hence holomorphically 
convex, in H^ [H]. Since H 3 \H 2 is compact, there exist finitely many 
holomorphic functions <pj G O(H^), j = 1, . . . , J, such that if z G Hi 
we have \4>j{z)\ < 1/4 for all j and if 2 G #3 \ H 2 there is a j such 
that |<£j(z)| > 4. There exists a positive 77 < 1 such that with 

H[ = {(s,X)eA 1 xC:\X\<r l - 1 r 1 (s)} 

H 2 = {(s,X)eA 2 xC:\\\<r, ri (s)}, 

\(f>j(z)\ < 1/2 for all j if z G iJ( and |0j(z)| > 2 for some j if z G 
\ • By replacing </>j with </>™ for a suitably large n we can assume 
that \4>j(z)\ < (1 - r/)/(4J) for all j if z G F( and \<f>j(z)\ > 4/(1 - 7/) 
for some j for each z£H 3 \H 2 . Let W = 0~ =o X® n , taking to 
be C. As shown before, W has a 1-unconditional basis if X does and 
W is a separable L p space if X is. Since 4>j is holomorphic, <pj(s, A) = 
SnLo a nj(s)X n , where a n j depends holomorphically on s G A4 and 
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locally on H4 convergence is absolute and uniform. Define ipj from 
At(r 4 ) to W as 

iPj(x) = (a nj (Kx)(pxn = . (6.1) 

By the absolute and uniform convergence of the power series of <pj, ipj 
is holomorphic. 

For any x G A^(r^) and any j = 1, . . . , J, by definition of the norm 
of W' (and since the I 1 norm dominates the l p norm for p > 1) 

00 

HVitoll <EK-WIIHI n - 

n=0 

If x g i4i[n], 

00 
n=0 

Fixing s £ Ai and using Cauchy estimates for ipj on |A| = r/~ 1 ri(s) 
we see that |a nj -(s)| < (1 — rj){r]/r\ (s)) n /(4J), so 

00 

||^-(a:)||<(l-i/)/(4J)^^ = l/(4J). 

n=0 

Next let x G ^3^3) \ A^fa) so that (-ztx, ||px||) £ H 3 \ H2- In case 
(a), W' is an i 1 sum and it is immediate that ||^j(x)|| > \<pj(itx, ||px||)|, 
hence ||^ (x) || > 4 for some j. In case (b), i.e. X is an L p space, choose 
j so that \cpj(irx, rf\\px\\)\ > 4/(1 — 77). By Holder's inequality: 

00 

Uj(x)\\ = (Y,(Wn^x)\\\ P x\m 1/p 

n=0 

00 00 

> (j2\a nj (™)\\\ VP x\n(j2v nq T 1/q 

n=0 n=0 

00 

>\M™M\p*\\)\(E'i n r 1 

n=0 

> 4. 

Define W = ®j =1 W and $(x) = {ipi(x), . . . ipj(x)). Let ip G W) 
approximating ?/> within 1/4 on ^3^3). Then 1(^(^)11 < 1/2 if x G 
i4i[n], and 11^)11 >2ifxG A 3 (r 3 )\ A 2 (r 2 ). 

□ 
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In the next lemma the geometric assumptions are the same as in 
the previous one. 

Lemma 6.2. Assume either that (a) X and Y are Banach spaces with 
1-unconditional basis or (b) 1 < p < oo and X and Y are separable L p 
spaces. Let £1 C X is open and A 2 CC A3 CC A 4 be relatively open 
subsets ofilnirX, A\ C A2 compact and plurisubharmonically convex 
in A4. Let j-j : A 4 — > (0, 00) be continuous, 1 < i < 4 and T{ < 
with — logri plurisubharmonic. Assume that any Banach space valued 
holomorphic function on A 4 (r 4 ) can be uniformly approximated on 
^3(^3) by functions holomorphic on JL Let e > 0. Then given a 
function g G 0(X,Y), there exist a Banach space Z and a function 
h G 0(Q,Z) such that in case (a) Z has a 1-unconditional basis, in 
case (b) Z is a separable L p space, and 

1. \\h(x)\\ <eifx£ Ai[n] 

2. \\h{x)\\ > \\g{x)\\ ifxeA 3 (r 3 )\A 2 (r 2 ). 

Proof. Without loss of generality, assume ||</(a;)|| > e for all x G 
A^iyi). By Lemma 6.1, there are a Banach space W with 1-unconditional 
basis (or an L p space, as appropriate) and a function tp G 0(Q, W) 
with \\^{x)\\ < 1/2 for x G A-^n] and \\i){x)\\ > 2 if x G A 3 (r 3 ) \ 
^2(^2)- We can expand g in a series 

00 

g(x) = g(irx + px) = ^ g m {nx + px) 

m=0 

where the g m 's are m-homogeneous in px, and convergence is uniform 
on compact subsets of X. There exist 5 > and M > such that 
ttx G A3 and \\px\\ < 5 imply ||<?(x)|| < M, hence 

= J Kl J^ PX) ^ ^ (6 - 2) 

With a = cti + ct2 and (3 (sufficiently large) integers to be specified 
later, define functions from A 4 [r 4 ] to Z m = Y®W®( am+ ® by 

h m (x)=g m (x)®i;(x)^ am+ ( S l 

Note that each h m is holomorphic. We will show that h = (h m )^ =0 

OO 

defines a holomorphic map A 4 (r 4 ) — > Z = ^ m=0 Z m . Indeed, if K C 
A 4 {r 4 ) is compact and x G K, 

00 

\\h(*w< E(ii^wii(ii^)ir m+/3 ) p 

m=0 
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oo 

<Mj|| Sm ( ra + M»f, 



m=0 

(here and below, we use p = 1 in case (a)). Now K = irK + M a pK 
being compact and g entire, 



Mj2\\9m(7TX + M a P xW 



m=0 



converges uniformly on K. Thus h, being a limit of holomorphic 
functions which is uniform on compact sets, is holomorphic on A^{r^). 
To estimate h(x) for x € A3(rs)\A2(r2) we use Holder's inequality: 



(y^J\\n..J'r\\\\U(<r\\\ am +P\P\ 1 /P 



(■''Ml = { 2^ / K\\9m{x)\\\\ip{x 

m=0 

oo 

>(j2(\\9m(x)\\2 am +^r) 1/p . 

m=0 

oo oo 



m=0 m=0 

where 1/q + 1/p = 1. If /3 > 2, then 



a:)|| > 2 \\9m(x)\\ > 2|b(x)|| < ||<?0)|| + e, s € A 3 (r 3 )M 2 (r 2 ). 

m=0 

Next we estimate /i for x G Ai[ri]: 

oo 

iiton = (E(ii^)ii(iiv^)iir m+/3 n 1/p (6.3) 

m=0 

oo 

<(El| 5m (x)2-( am+ «m 1 /P (6.4) 

oo 

< 2-P(J2(W9rn(™ + 2- a2 Px)p- mai T) l/p - (6-5) 



m=0 



Choose «2 so that 2 ° 2 ||px|| < 5 for x G Aifn], then by Q6.2|) . we 
continue estimating (|6.5jl : 



< 2- /3 (^(M5- m 2~ mQl ) p ; 
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Now choose the exponent ol\ so that 2 Ql < 5/2 and /? > 2 so that 
2-P +1 M < e, giving 

oo 

\\h(x)\\ < 2~ /3 M(^(2- m ^ 1 ) p ) 1/p (6.6) 

m=0 

oo 

< e/2(^(2- m - 1 ) p ) 1 / p < e/2. (6.7) 

m=0 

Therefore ||/i|| < e/2. Let /i G 0(0,, Z) such that /i approximates /i 
within e/2 on A 3 (r 3 ). Then \\h(x)\\ < e if x G A^ri] and ||/i(x)|| > 
ifxG A 3 (r 3 )\A 2 (r 2 ). □ 

Proposition 6.3. Lei e > 0. Assume either that (a) X and Y are 

Banach spaces with 1 -unconditional basis or (b) X and Y are separable 
LP spaces. Let 2 4 (3 < a < 2~ 9 /c where c is the unconditional basis 
constant of X. Lf £1 C X is pseudoconvex, and g G 0(X;Y), then 
there are a Banach space Z and h G O(0,\ Z) such that in case (a) Z 
has 1 -unconditional basis, in case (b) Z is a separable LP space, and 

1- \\h(x)\\ z < e if x G Qn(P), and 

2. \\h(x)\\ z > \\g(x)\\ Y ifxen N+1 (a)\Q N (a). 

The proof of this theorem depends on showing that sets A% and 
functions can be defined satisfying the conditions of Lemma 6.2 so 
that n N (P) C Ai[n] and Sl N+1 {a) \J2jv(a) C A 3 (r 3 ) \ A 2 (r 2 ). Then 
we apply Lemma 6.2. These containments are shown in the proof of 
Proposition 4.2 in [L2], here using \i = l/(2c). 

Proof of Proposition \S.1\ The first part of the proof is as in [L2] . Let 
a < 2~ 9 /c, where c is the unconditional basis constant of X. First, 
for each N G N we create a Banach space with a 1-unconditional 
basis (separable LP space) Z]y and a function g^ G 0(X, Zjy) such 
that u < \\gN\\z N on Q,^{a). Assume u > 1 everywhere. Define 
A = f2Ar(a) fl ttnX, a compact set. Recalling the definition of d(x) 
from (ji~Tj) . if t G A, then 

fl N {a) nvr" 1 * C B(t,ad(t)). 

Therefore, there is a neighborhood U 3 t, U C ttnX, such that 
J7jv(o) H 7Tjy- f/ C B(t,2ad(t)). By compactness of A, there is a fi- 
nite set T C A such that 

ftjv(a) C |J B(t,2ad(t)). 
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Now we show that Bt = B(t,4cad(t)) € £>. Indeed, 

2 diaixLBj = 16cad(t) < 2d(t) < diamO. 

So by the hypothesis of Proposition 13.11 there are a Banach space Vt 
with 1-unconditional basis (separable L p space) and a function ft £ 
0(B t ,V t ) such that u < \\ft\\v t on Bt- By Lemma 4.3 concerning 
approximation on balls, there are f[ € 0(X,Vt) such that \\2ft — 
f[\\ Vt < 1 on B(t,2ad{t)); so u < \\fi\\ Vi on B(t,2ad(t)). Define 
-^Af = ©4gt ^* with the Z 1 norm in case (a) or l p norm in case (b), 
and gN = ®teT ft e Zn). Then since the sets B(t, 2ad(t)) cover 

tl]y(ct}, given x € fijvXa), there is a i such that > u(x), so 

u(x) < \\9n{x)\\z n for all x G 0/v(a). 

Fix /? < 2~ 4 a. By using Proposition I6.3| we have Y/y a Ba- 
nach space with 1-unconditional basis (separable L p space) and hjsf € 
0(£L,Y N ) satisfying H/ijvllyjv < 2 _7V on Qn{P) and 11%!^ > ||#jv||zjv > 
u on OAr + i(a) \ $7 at (a). Let V = ©jv =0 Yv- Since any x in $7 is in 
f2jv(/3) for all but finitely many N, J2n W^nW converges locally uni- 
formly, implying that / = hjsr is in 0(0, V). For any there 
is an N so that x £ \Oat(ck), then ||/(x)||y > II^JvC^Hyjv II — 

u(x), and ||/||v > m on SI. 

□ 
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